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AbstractÜ6£8(Logistic Regression, {¡LR)�±`´pé�+�A^�2�gÄ©a�{µlüÅ$1�-�e�gÄ£O§S�I�¤zþZ�Åì| �pé�2wÝ�XÚ§Ù�{ÌZÑ´LR"duÙÊ·5�­�5§�[3ó�¥Ñ½õ½��!ØXLR§�´)öuyéõÓÆéuLR�n)�±?�ÚJp��z"¤±§)öO�
ù���'uÜ6£8l\��°Ï�©ÙÚÓÆ��Ó&?"�©�8IØ´�Ä�z�����
!!¡¡è�/0�LR§��
´�5­éLR�n)ÚÙ���`z�{�Ýº§l
��[�k&%�¢yy¢¥I���5�LR�.§¿�â¢S¯K±Y/U?§",	§du�)LR´��5�é��`z¯K§�©Ǒ/dÅ¬'�XÚ�0�
l��FÝeü{§�Úî�{§2�[Úî�{£�)DFP, BFGS, L-BFGS¤ù�X�ê�`z�{�óä§Ǒ�´éê�`z�{¥©�§���Ö¿j"��§��� +�!�<!ÚÀ31���ïÄ���¢��Ø�f�!��T�!�Ó?Ú�
1 ÄÄÄÅÅÅ���888IIIÖÖÖööö�[3²��ó�ÚÆS�¥²~¬���«ûü¯Kµ~Xùµe�´Ø´-�e�§ù�^r´Ø´éù�û¬a,�§ù��fTØTï��"ÙG½ö�>LÅìÆS(Machine Learning, {¡ML)�ÓÆ��XJ·�I�éùa¯K?1ûü��ÿ§�~^��{Ò´�ï����©aì(Classifier)�§S"ù«§S�Ñ\´�ûü¯K��X�AÆ(feature)§ÑÑÒ´§S�½�(J"±-�e�©aǑ~§z�µe�Ò´���ûü¯K§
Ï~�^�AÆÒ´lù�e���Ä���X�·��Ǒ�U�'�&E§~X§u�<!e��Ý!�m!e�¥�'�
!I:ÎÒ!´Äkõ�Â�<��"�½
ù
AÆ§·��-�e�©aìÒ�±�½Ñùµe�´Ä´-�e�"�uNo��ù�-�e�©aì§S§Ï~��{´ÏL,«ÅìÆS�{"�¤±¡ÙǑ“ÆS”§´ÏǑù
�{Ï~I��
®²I5����£~X§100µe�§zµ&®²�²(I5Ǒ´Ä´-�e�¤§,�ù��{ÒgÄ��)��'uù�¯K�gÄ©aì§S"·�3ù�©Ù¥ò�ù�Ü6£8(Logistic Regression, {¡LR)Ò´�~^���ÅìÆS©a�{"éõÓÆ�U��ÅìÆS¥kA�«©aì§�o·�Ǒ�o  ℄LR5ùQº�Ïkn
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1. LR�.�n{ü§¿�k��y¤��LIBLINEAR�óä¥1§´uþ�§¿��JØ�"
2. LR�±`´pé�þ�~^Ǒ´�kKǑå�©a�{"LRA�´¤k2wXÚ¥Úí�XÚ¥:ÂÇ(Click Through Rate (CTR))ý��.�Ä��{"
3. LRÓ�Ǒ´y3 ��9�0�ÝÆS/(Deep Learning)�Ä�|¤ü�§S¢�ÝºLRǑòkÏu\Æ��ÝÆS"�´�©¿Ø´��'uLR��Ê5©Ù§XJ\����
)LR§����{´�Ä�z�½öé�����ÅìÆS�á��e"���§�©�8I´�\Ø==“�Ù,”§¿��“�Ù¤±,”§ý���l\��°Ï§l
U�\k&%�)ûLR¢�¥Ñy�#¯K"·��±oÑ�rl\��°Ï©Ǒn��g
∙ 


)))LRµ
)LR�.!L1ÚL25Kz(Regularization)!Ǒ�oL15Kz���u�)DÕ�.(Sparse Model)!±9DÕ�.�`:"
∙ nnn)))LRµn)LR�.�ÆS�{!U
Õgí�ÄuL-BFGS�L1ÚL25Kz�LR�{§¿òÙ3MPI²�þ¿1z¢y"
∙ UUU???LRµU
3¢S¥gX�A^LR§±YU?LR5)û¢S¥�Qý���¯K"~X§�êâ¥�������uK����¹e£~X§2w:ÂÇý�¯K¤§TNoN�LR? �êâ¥k��Ü©"��TXÛN��{ºdu�)LR´��5�é����å`z¯K§�©30�LR�Ó�§Ǒ�éXÚ�0�
��å`z¯K¥A�~^�ê��{§�)��FÝeü�{!Úî�{§Ú[Úî�{¥�DFP, BFGS, �L-BFGS"Ï"ÓÆ�U3��
)ù
�{�Ó�Uý�²xÙ�n�A^|µ§~Xn)Ǒ�oL-BFGS¥��gÌ��{(two iteration method)U
CqO�Úî��§¿��±�t�¿1z"ù
�{´'u��å¯K�Ï^`z�{§A^|µ�~2�§�)ö¿�uy'u§�'�XÚz�!qÓ�'�N´n)�¥©�§§�©Ǒ�´WÖù�¡�x���}Áj"¤±§F"U3ÆSLR�Ó�ò`z�{�¿Æ
§���Új"¤±§�©ýÏ�Öö�VkXeAa
1. ppp���ÅÅÅìììÆÆÆSSS<<<


µµµaaa¬¬¬...������5


999±±±þþþ���ÅÅÅìììÆÆÆSSS²²²{{{µsÒrù�����'uLRÚ��å`z�{�£�áÆ�
§Xk�ØÚØv�\±<�"
2. ¥¥¥���ÅÅÅìììÆÆÆSSS<<<


µµµaaa¬¬¬...������3∼5


���ÅÅÅìììÆÆÆSSS²²²{{{µs�±rù�����ÆSáÆ§r±
ÆL�ÀÜG3�å§��Ö"§��ý���LRÚ�'�`z�{§l
Uéó§¢��Ñ�(���"
3. \\\���ÅÅÅìììÆÆÆSSS<<<


µµµaaa¬¬¬...���������uuu3


���ÅÅÅìììÆÆÆSSS²²²{{{µ�s<Ñ�Ú)§rp¡�úª���í��H§l
�\�leaderw�\�,
¯���ÿ§\��XÛe�"
1http://www.csie.ntu.edu.tw/˜cjlin/liblinear/
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Figure 1: Ü6¼ê�Ü6£8
4. ÅÅÅìììÆÆÆSSS<<<


±±±			���pppLLLRRR���xxxLLL{{{���: s�I���LR´���^�gÄ©a�{§§QïÄ�Ú�¢��Ò�
",	§��±^ù�©Ù�áÅìÆS®j�µ\k\¹§k�oõM[�§��üÆa;-)o
ó�§Ø+\3ÅìÆSþ�EÅAÛ§F"ù�©Ù½õ½��ÑU�\�5:�o")ö�~�H��<¬é�©±9?Û�ÅìÆS!êâ�÷�'¯K�RÎ!��!�&?"�j§s{Øõ`§?\�K"

2 ���£££ÜÜÜ666£££888�Ǒ��Ä��ÅìÆS|µ§�½N�Ôö��(x1, y1), (x2, y2), ⋅ ⋅ ⋅ , (xN , yN ),Ù¥xi ∈ ℝ
n´��n��þ^5L«1i���3ùn�AÆþ���§
yi ∈

{−1,+1}L«
d��´���(+1)�´K��(-1)"Ü6£8�.Ò´ÏL���Ü6¼ê(Logistic Function)�¼ê�(x) = 1
1+exp(−x)ò1i����AÆ�þxi�T��Ǒ����VÇéX
å5

p(yi = +1∣xi,w) = �(yiw
Txi) =

1

1 + exp(−wTxi)
.Ó�§du

p(yi = −1∣xi,w) = 1− p(yi = +1∣xi,w) = �(yiw
Txi).¤±§·��±r��nÜǑ��ªf

p(yi = ±1∣xi,w) = �(yiw
Txi) =

1

1 + exp(−ywTxi)
. (1)�±wÑ§ëêwéx�n��Ý�ØÓ�\�§l
�Ñ©êwT xi"ù�©ê,��S/�Ü6¼êòØ�0�1§�ǑxéA��Ǒ����VÇ"Ü6£8�8IÒ´�é����w§������©êÑ'��§Ó�K���©êÑ'��"
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Figure 2: Ü6£8��¼êã 1xÑ
S/�Ü6¼ê§Ú�
dù7ÎÒIP��K��"�±wÑ§T��wò��Uõ��£K¤���3©ê�u£�u¤0�Ü©§
ùTT´XÛÏé��w�Ä��K"�î��ù§LR´ÏL��q,�O(Maximum Likelihood Estimation, {¡MLE)�K5é����w"ÙÄ��{´é�ù���w��¤k��3�âúª1��¹e��§=
maxw

N
∑

i=1

log(p(yi = ±1∣xi,w)) = −

N
∑

i=1

log(1 + exp(−yiw
Txi))duÏ~5`§`z¯K��u)û��z¯K§¤±§þã��z¯K�du��ze¡�l(w)

l(w) =

N
∑

i=1

log(1 + exp(−yiw
Txi)). (2)·�`(w)´��à¼ê§l
��z§´���éN´�¯�"Ǒ�oùo`Qºã 2�Ñ
l(w)3���¹e���ã«§�±wÑl(w)´�eà�§¤±�*5w§�·�?3Ø´��:�,�:þ§·��±÷Xù�­¡we�§l
��§¿�­½3��:"�«`z�{�«OÒ3uÀJ÷=���we�§
ù���Ï~´d8I¼ê3�
:����ê£q¶FÝ!¼ê�O��¯���¤����ê£q¶°ÜÝ
¤û½�"�oe¡·�kO�Ñl(w)��9���ê"|^Ü6¼ê�5��′(x) = �(x)(1 − �(x))Ú�ê�óª{K§·��±�Ñl(w)éw�FÝǑ

g = ∇wl(w) =

N
∑

i

(�(yiw
Txi)− 1)yixi.

l(w)����ê£°ÜÝ
¤∇2
w
l(w)�é5`Ø´éw
´�£Ø�\éÝ
�È©(Matrix Calculus)��ÙG¤§¤±§·�Òk�ÑÙ¥�����§
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,�3r§o(ǑÝ
/ª"°ÜÝ
�(k,s)��B(k,s)�ÏLXe�ª�Ñ
B(k, s) = ∇2

w
l(w)(k, s) =

∂g(k)

∂w(s)

=
∂

∂w(s)

N
∑

i

yixi(k)(�(yiw
Txi)− 1)

=

N
∑

i

yixi(k)�(yiw
Txi)(1− �(yiw

Txi)) ∗ (yixi(s)) (3)

=

N
∑

i

�(wTxi)(1− �(wTxi))xi(k)xi(s) (4)Ù¥x(s)L«�þx�1s���"ªf4òªf3¥�yi��Æ�´ÏǑÄky2iðǑ1§¿��(x)(1 − �(x))´ó¼ê§l
yi´+1�´−1Ñ�¤¢
"ǑÒ´`l(w)�°ÜÝ
¿Ø�6u��Ôö���.´����´K��"k
B(s, k)§òB�¤Ý
/ªÒ{ü
Nõ
B = ∇2

w
l(w) =

N
∑

i

�(wTxi)(1 − �(wTxi))xix
T
i (5)

= XAXT ≻ 0, (6)Ù¥X = [x1,x2, ⋅ ⋅ ⋅ ,xn]§AǑéÆÝ
§Ù1i���A(i, i) = �(wTxi)(1 −
�(wTxi)) > 0"ªf6L²l(w)�°ÜÝ
Ǒ�½Ý
§l
L²l(w)´'uw�î�à¼ê"î�à¼ê´·��`z�ÿ�����§ÏǑ§�����3¿��§ǑÒ´`§÷X,«��±YeüoUé���:§�+k�ÿ�Ý¬'�ú"·�314Ú14Ù!äNù)XÛeüé����w§�3��
§·�I�kn)5Kz(Regularization)��^"
3 L1 vs. L2555KKKzzz5Kz�¿ÂlÆâþù´^5;�Æ���.LÝ[Ü(overfitting)Ôöêâ"±ªf2Ǒ~"XJ·��8I==´��zl(w)§
éwvk?Û��§�o·��±�¿�N!w���Ý����§���ÎÜùN���:§l
��zl(w)"ù����w����Ý�ýé�Ï~¬é�µ�
��ê§�
�Kê"ù«�.Ǒ,é����Ôö��§�3é#���ýÿ��ÿ§ù
ýé�é����Ò¬�ýÿ� lý��é�"ã3�Ñ
��LÝ[Ü�~f§Ù¥ù:´®��êâ:§7ÚJ�´�)ù
êâ:�ý�ª³�§
çÚ�L��LÝ[Ü��.§§î��[Ü
¤k®�:§��±wÑù�þþee�òU�¿vké��Ó¼êâ:�L�ª³§¤±¿Ø´��é��ýÿ�."Ǒ;�u)ù«�¹§·�3l(w)\��'uw����§¡Ǒ5KzÏf(Regularizer)"·�Ï~�^w���Ǒ5KzÏf

f(w) = l(w) + � ∥w∥ (7)
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Figure 3: �.LÝ[Ü(overfitting)

Figure 4: L1ÚL25Kz�é'µã¡5
u[5]13.4ÙÙ¥∥w∥�±´L1�§¡ǑL15Kz
∥w∥1 =

n
∑

i=1

∣w(i)∣½öL2�(î�¿Âþ�L2��I�ée¡m�Ò)§¡ǑL25Kz
∥w∥2 =

n
∑

i=1

w2(i) = wTw.Ø+^L1!L2§�´Ù���5�z§ÙÄ��nÑ´���§=3��z��¼êl(w)�Ó�§·����Äw���5��z§l
;�w��
ýÝ�é���"�oL1ÚL25�zk�o«OQº�Y´L15KzÏ~��DÕ��.§ǑÒ´�^L15Kz���w¥k�õ��ÝǑ0§
ù
Ǒ0��ÝÒ�L
Ø´é�'��Ý§l
å�
AÆÀJ(Feature Selection)��^"�oǑ�oÓ�Ǒw��§L15KzÒU��'L25Kz�DÕ��.QºÏ~�n)´�â²;�á[5]�ã«4µL15Kz�Lw����´=���/
L2éA�´�/§ù���¼êl(w)�����N´3L1éA�>Æþ��§l
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ù
�ÝÒC¤0
"�Ǒù«)º�Ö¿§e¡)ö�Ñ�«Äu)Û�)º"·�Äkw�eL15KzÏfé1w(k)�����©
∂ ∥w∥1
∂w(k)

=

{

�(w(k)) if w(k) ∕= 0

undefined if w(k) = 0
(8)Ù¥�(x)´'ux�ÎÒ¼ê: xǑ�����Ǒ1§ǑK����Ǒ-1"�·�Áã��z∥w∥1��ÿ§Ø+w(k)l0kõ�½õC§·�r§ 0í�“åþ”´ð½�§�o+1�o-1§��0Ǒ�"�é�§L25KzÏf����©´

∂ ∥w∥2
∂w(k)

= 2w(k) (9)¤±§L25Kzrw(k) 0í�“åþ”´�Xw(k)ªCu0
~��§l
w(k)´úú�ªCu0§
��L1��fZÀ|á���0"¤±§L1�Ñ��.Ï~�DÕ§
DÕ�.���w
´��`:Ò´§3ÜÝ��±!�éõS�"~X§3·�~��2wí�XÚ¥§þz·�AÆ§éu�DÕ�.§==�;w£
Ø�Ä�A�êâ(�¤òÓâ40G�S�"
�Ï~ù«���.ÑI�uÙ3õ�êâ¥%§¤±DÕ��.äkér�¢�¿Â"�,§L13ÚOÆSnØþǑkéõ`:§ùpÒØ2�\?Ø§a,��ÓÆ�±ë�d"4�ÇAndrew Ng�©Ù[13]"��2`²�:§du?Û�∥w∥Ñ´'uw�à¼ê§¤±±?Û��5KzÏfÑØ¬UCLR�à¼ê5�"���ØÓÒ3u·�´��zªf7¥�f(w)§
�==l(w)"e¡·�©O0�XÛé�LR3L2�L15Kze��`w"
4 ���)))L2555KKKzzz���ÜÜÜ666£££888
L25Kz�LRL«Xe

minwf(w) =
N
∑

i=1

log(1 + exp(−yiw
Txi)) +

�

2
wTw,Ù¥�´^uN!��¼ê�5KzÏf�m��é­�§Ý"éuù����å!ëY���à¼ê`z¯K§�����{Ò´��FÝeü{µb�wt´31t�Ì���
:§�o1t+ 1�:ÏLeã�ª��

wt+1 ← wt − �∇f(wt), (10)Ù¥ëê�´¤¢�Ú�^u��z�Ì�eü�§Ý±�yÂñ"duù«�{÷X£��¤FÝ���|¢§¤±�¡Ǒ��FÝeü{"Ǒ,��FÝeü{{ü²
´u¢y§ÙÂñ�Ý%Ø�<¿§
Ù´3���NC¬±�«­ò�/ªú��%C��:§¤±�~^��{´Í¶�Úî�{(Newton’s Method)"ÙÄ��n´3�
�:?^�g�V�m5CqI���z�8I¼ê§éÑdCq¼ê�4�:��§,���|
7



¢(line search)é�Ü·�eüÚ�"äN5`§be·����z�¼êǑ�g���f(x)§·�^fk��f(x)3�
:xk���§=fk = f(xk)§,�21k + 1Ì�§·���é�:xk+1§��fk+1Pkv
�eü5�y�ªÂñ"òf(x)3xk?���V�mǑ'up = x− xk�¼ê
mk(p) ≡ fk + pT∇fk +

1

2
pTBkp ≈ f(x), (11)Ù¥Bk = ∇2

xf(x)Ǒf(x)3xk?�°ÜÝ
§,�·�ÏL��zmk (p)5é�éA�p"A^4�:�7�^�Ǒ�êǑ0§-mk(p) = 0

∇mk(p) = ∇fk +Bkp = 0ÏL�)d�5�§|½ö�d���O�§·��±��31k�Ì���|¢��
pk = −B−1

k ∇fk (12)d��q¡ǑÚî��"��·�3dÚî��þ?1�|¢±é�Ü·�Ú��?1eü
xk+1 = xk + �pk, � ∈ (0,+∞).£��|¢(backtrack line search)´�«Ï^�^��|¢�{"�+Úî�{äké��Âñ�Ý§�Ù�dǑ´w
´��"Äk§z��Ì�ÑI�O�¿�;Bk ∈ ℝ

n×n"ùé~���5�LRA^|µ´é��℄Ô§$�´Ø�U�",	§·��I��Bk�_Ý
§½ö�d��)���.�£n�Cþ¤�5�§|"¤±§î��Úî�{�·^u¥�.���å`z¯K"Ǒ
;�z�Ì�Ñ�­#O�¿�)°ÜÝ
�_§ïÄ<
JÑ
�X�[Úî(Quasi-Newton)�{"�¤±¡ÙǑ[Úî�{´ÏǑù
�{ÏL[Ü��ªé���Cq�°ÜÝ
^uO�eü��"[Úî{��153uî��Úî�{Ǒ´�«£Äu�V��g�m¤Cq�{§¤±é°ÜÝ
�Cq�´Cq�{þ�?�ÚCq§��Ø´��AO�§ǑUå��AN�eü����J"Uì[Úî�{�?z{¤§·�UìDFP!BFGS!L-BFGS�^S0�ù�X�[Úî�{"
4.1 DFP���{{{
DFP´{¤þ1��[Úî�{§ǑWilliam C. Davidson31959
u²§¿dRogerFletcherÚMichael J. D.Powell�õ§¤±d�{�¡ǑDFP"DFP�Ì�g�´31k�Ì��§3þ��Ì�¥�°ÜÝ
Bk−1�Ä:þ��3�
:xk�°ÜÝ
Bk§?
ÏLªf12��Úî��"äN5`§31k�Ì�§·�®²��xk, xk−1,∇f(xk),∇f(xk−1)§I��Ñù�ÚîS��ÿI��Bk§?
ÏLªf12�Ñ5Nolxké�xk+1"DFP�{ÏL�)e¡ù�`z¯K��Bk

min ∥B −Bk−1∥ (13)

s.t. B = BT , Bsk−1 = yk−1,Ù¥sk−1 = xk − xk−1, yk−1 = ∇f(xk)−∇f(xk−1)"
8



d`z¯K¥�8I¼ê���ªé��BÚBk−1����§=B3zgS�¥CzØ���"�å^�B = BT��B´é¡�§ÏǑ°ÜÝ
Ñ´é¡�"Bsk−1 = yk−1ù���´�­��§vk§§w,B = Bk−1Ò´�`)"�oǑ�o�kù���QºÏǑ§´BkI�÷v���7�^�µrªfEqn 11ü>©Oéx��ê§·���
∇f(x) ≈ ∇fk +Bk(x− xk).duxkÚxk−1l�'�C§·��±rx = xk−1�?þ¡�ªf��

∇f(xk−1) ≈ ∇f(xk) +Bk(xk−1 − xk)Ù¢Ò´
yk−1 = Bksk−1.ù�ªf�¡Ǒsecant�ª§Ù�Ǒxk:?°ÜÝ
I�÷v�7�^��Ǒ`z¯K13����å^�"3$�´§`z¯K13�3Xe)Û)

Bk = (I − �k−1yk−1s
T
k−1)Bk−1(I − �k−1sk−1y

T
k−1) + yk−1�k−1y

T
k−1, (14)Ù¥�k = (yTk sk)

−1"¤±§é?Û��å��g���`z¯K£�)L2-LR¤§DFPkO�Ñ3�©:x0?�°ÜÝ
B0§�_�Ñ3x0?�Úî��§¿ÏL�|¢é�x1"é�
x1§ÏLªf14O�Ñ3x1?�Cq°ÜÝ
B1§�_§�|¢���Ñx2����Âñ"�±wÑ§�'Úî�{§DFP��
zg­#O�°ÜÝ
�$�§�§E,I�3zd�;¿�#°ÜÝ
§¿ÏL�_�ÑÚî��"e¡�BFGS�{ò�«XÛ���_�$�"
4.2 BFGS���{{{Q,DFP�±ÏLzÚOþ��ª�#°ÜÝ
B§�z�Úq�é���B��_$���Úî��§�okvk�U��Cq°ÜÝ
�_Qº31970
§o ��Charles G.Broyden, RogerFletcher, DanielGoldfarbÚDavid
F. Shanno�gÕÕÕááá///uyù«�15§¿u²
ù�¤¢�BFGS�{"duBFGS�Oþ�Cq°ÜÝ
�_Hk = B−1

k §¤±secant�ªÒC¤
Hkyk−1 = sk−1, l
·���)�`z¯KXe¤«
min ∥H −Hk−1∥ (15)

s.t. H = HT , Byk−1 = sk−1,·��±uyù�¯KÚDFP¥�`z¯K13Ù¢´�����"��ØÓ�´ykÚsk�'Xp�
"¤±§Ò�·�Uß��§�`)HkǑ�DFP¥�Bkäk�Ó�/ª§==´ryÚsp�v
§=
Hk = (I − �k−1sk−1y

T
k−1)Hk−1(I − �k−1yk−1s

T
k−1) + sk−1�k−1s

T
k−1. (16)¤±§lDFP�BFGS�?Ú´ÏL��Cq°ÜÝ
�_��
�Úî��¥I��Ý
_$�§l
��
QØI�zÚÑ­#�§qØI
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��_��J"3�ÝnØ´ép��¹e§BFGS3S�¥�3¿±Y�#Hk ∈ ℝ
n×n§?
ÏLÝ
Ú�þ��Hk∇fk��Úî�{�Âñ�Ý"�´§3n'����¹e§duHkÓkΘ(n2)�S�þ§~X2wí�¥��·þ?�AÆn ∼ 109éAX100�TBS�§�;¿�#HkÒ¬C��~Ø�B$�Ø�U"ù«I���
e¡ù�Uâ�{�ÑyµLimited-memory

BFGS§{¡L-BFGS"
4.3 L-BFGS���{{{
L-BFGS3z��£b�1k�¤Ì�§���
m�Ú½¥�y ∈ ℝ

nÚs ∈
ℝ

n5��CqO�ÑÚî��Hk∇fk ∈ ℝ
n"l
Ø=�BFGS����
z�Ì�O�°ÜÝ
¿�_�$�§
���
�;Hk�7�§.¾�ª�kÚî��â´·����"·�êþ�±w�L-BFGS�S�I�´O(m ∗n)
�Θ(n2)"�o§L-BFGS´NoÏL
m�Ì�¥�yÚs5CqHk∇fk�QºduL-BFGS�6
m�Ì�¥P¹�&E§�o·�5wwHkÚ
m�Ì�¥�yÚs´�o'X"HkÚHk−1�'X®²dªf16�Ñ"XJ·�½ÂVk =

I − �kyks
T
k , �oBFGS�Ñ�Hk�#5KÒ�±L«Xe

Hk = V T
k−1Hk−1Vk−1 + sk−1�k−1s

T
k−1 = V T

−1H−1V−1 + s−1�−1s
T
−1,Ù¥Ǒ
ÎÒ�ß·���
ÆIk"�5¿ù�g�m(unrolling)�Ñ
s−1�−1s

T
−1ù��ÚV T

−1 . . . V−1ù���C»H−1�C»ì"XJ·�?�Úòþª¥�H−1^Ó���{�m§·�ò¬��
Hk = V T

−1H−1V−1 + s−1�−1s
T
−1

= V T
−1V

T
−2H−2V−2V−1 + V T

−1s−2�−2s
T
−2V−1 + s−1�−1s

T
−1Ù¥7Ú����´dH−1�m�)�s−2�−2s

T
−2²Lyk�C»ìV T

−1 . . . V−1C»
5§¿�Ó�d�C»ìU\¤
V T
−1V

T
−2 . . . V−2V−1ù���#�C»ì"�o�·����mmÚ�§·�´ÄAT��Xe�(JQº

Hk = V T
−1H−1V−1 + s−1�−1s

T
−1

= V T
−1V

T
−2H−2V−2V−1 + V T

−1s−2�−2s
T
−2V−1 + s−1�−1s

T
−1

= ⋅ ⋅ ⋅

= (V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−m)H−m(V−mV−(m−1) ⋅ ⋅ ⋅V−1) (17)

+(V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−(m−1))s−m�−msT−m(V−(m−1)V−(m−2) ⋅ ⋅ ⋅V−1)

+(V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−(m−2))s−(m−1)�−(m−1)s

T
−(m−1)(V−(m−2)V−(m−3) ⋅ ⋅ ⋅V−1)

+ ⋅ ⋅ ⋅

+V T
−1s−2�−2s

T
−2V−1 (18)

+s−1�−1s
T
−1 (19)Ǒ
(�·�(¢n)
ù«S�¤�)�(�§4·��Ä�e3���Ú�.u)
�o"���Ú´��·��m
m− 1g�§ù�·�Pk�C»ì´

(V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−(m−1)) . . . (V−(m−1)V−(m−1) ⋅ ⋅ ⋅V−1),

10




·�I��´^
H−(m−1) = V T

−mH−mV−m + s−m�−msT−m����Ú�m"äNLãXe¤«"
Hk = (V T

−1V
T
−2 ⋅ ⋅ ⋅V

T
−(m−1))H−(m−1)(V−(m−1)V−(m−2) ⋅ ⋅ ⋅V−1)

+(V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−(m−2))s−(m−1)�−(m−1)s

T
−(m−1)(V−(m−2)V−(m−3) ⋅ ⋅ ⋅V−1)

+ ⋅ ⋅ ⋅

+V T
−1s−2�−2s

T
−2V−1

+s−1�−1s
T
−1

= (V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−m)H−m(V−mV−(m−1) ⋅ ⋅ ⋅V−1)

+(V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−(m−1))s−m�−msT−m(V−(m−1)V−(m−2) ⋅ ⋅ ⋅V−1)

+(V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−(m−2))s−(m−1)�−(m−1)s

T
−(m−1)(V−(m−2)V−(m−3) ⋅ ⋅ ⋅V−1)

+ ⋅ ⋅ ⋅

+V T
−1s−2�−2s

T
−2V−1

+s−1�−1s
T
−1,ù�ªf�«
XÛÏL
m�Ú½¥�yÚs§±9Hk−m5L«Hk"�´==rHkLãÑ5¿vký�)ûO(n2)��;¯K£Ù¥�?Û��Ñ´��n × n�Ý
¤§þ¡�ªfA^�E´BFGS�S�úª§�vkV��L-

BFGS�?Û¯�"�oe¡·�wwL-BFGS´XÛUâ5�)ûù�¯K�"
Algorithm 1 L-BFGS: Two Iteration Algorithm

01: q = ∇fk ∈ Rn

02: for i = 1, 2, ⋅ ⋅ ⋅ ,m do

03: �i = �−is
T
−iq ∈ R

04: q = q − �iy−i ∈ Rn

05: end

06: r = H−mq ∈ Rn

07: for i = m,m− 1, ⋅ ⋅ ⋅ , 1 do

08: � = �−iy
T
−ir ∈ R

09: r = r + s−i(�i − �) ∈ Rn

10: end

11: return r ∈ R�{ 1§ǑÒ´L-BFGS§�«
XÛÏLü�Ì���{(two iteration
method)O�ÑHk∇fk"Äk§31��Ì�¥§be·�^qi5��q31i�

11



Ì�(å�ÿ���§¿�-q0 = ∇fk§�o
qi = qi−1 − �−iy−is

T
−iqi−1 = (I − �−iy−is

T
−i)qi−1

= V−iqi−1 = V−iV−(i−1)qi−2 = ⋅ ⋅ ⋅

= (V−iV−(i−1) ⋅ ⋅ ⋅V−1)q0

= (V−iV−(i−1) ⋅ ⋅ ⋅V−1)∇fk,¤±§3��1���Ì�£021�051¤(å��ÿ§·���
qm = (V−mV−(m−1) ⋅ ⋅ ⋅V−1)∇fk,5¿ù�´ªf171��m�Ü©"Ø
���Ñqm§1���Ì��z��Ì��Ñ�)
���§ò1i�Ì��)�PǑ�i§�o

�i = �−is
T
−iqi−1 = �−is

T
−i(V−(i−1)V−(i−2) ⋅ ⋅ ⋅V−1∇fk)ù
�´ªf17Ø1�����m�Ü©"½N·�li = 1wå�\�ß

�1 = �−1s
T
−1∇fk,�´Eqn. 19�m�Ü©"Ó��i = 2

�2 = �−2s
T
−2V−1∇fk,´Eqn. 18�m�Ü©"¤±§31���Ì�(å��ÿ§·�Òk
O�Hk∇fk¤I��m+ 1�¥z���m�Ü©µqm, �m, �m−1, ⋅ ⋅ ⋅ , �2, �1"e¡·�ww1���Ì�´Noòz�����Ü©nÑ5�"éA1���Ì�5`§·�^rt5���i = tù�Ì�£
�1t�Ì�¤(å�r���§061Ù¢�Ñ5
rm+1 = H−mqm, ¤±·�I��Ò´ùm+ 1�¥�>�Ü©"1���Ì��Ñ�S�'XXe

rt = rt+1 + s−t(�t − �−ty
T
−trt+1)

= (I − s−t�−ty
T
−t)rt+1 + s−t�t

= V T
−trt+1 + s−t�t, t = m,m− 1, . . . , 2, 1

12



Figure 5: ã«L-BFGS�S��Ñ�âù�úª·�5ww�{1�1111�£�r1�.´�o
r1 = V T

−1r2 + s−1�1

= V T
−1r2 + s−1�−1s

T
−1∇fk

= V T
−1V

T
−2r3 + V T

−1s−2�2 + s−1�−1s
T
−1∇fk

= V T
−1V

T
−2r3 + V T

−1s−2�−2s
T
−2V−1∇fk + s−1�−1s

T
−1∇fk

= V T
−1V

T
−2V

T
−3r4 + V T

−1s−2�−2s
T
−2V−1∇fk + s−1�−1s

T
−1∇fk

= ⋅ ⋅ ⋅

= (V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−m)rm+1 + (V T

−1V
T
−2 ⋅ ⋅ ⋅V

T
−(m−1))s−m�m

+ ⋅ ⋅ ⋅+ V T
−1s−2�−2s

T
−2V−1∇fk + s−1�−1s

T
−1∇fk

= (V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−m)H−mqm

+(V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−(m−1))s−m�−msT−m(V−(m−1)V−(m−2) ⋅ ⋅ ⋅V−1)∇fk

+ ⋅ ⋅ ⋅+ V T
−1s−2�−2s

T
−2V−1∇fk + s−1�−1s

T
−1∇fk

= (V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−m)H−m(V−mV−(m−1) ⋅ ⋅ ⋅V−1)∇fk

+(V T
−1V

T
−2 ⋅ ⋅ ⋅V

T
−(m−1))s−m�−msT−m(V−(m−1)V−(m−2) ⋅ ⋅ ⋅V−1)∇fk

+ ⋅ ⋅ ⋅+ V T
−1s−2�−2s

T
−2V−1∇fk + s−1�−1s

T
−1∇fk
ù��´
¡ªf17¥O�Hk∇fk�m+ 1��£��e§L-BFGSÏL�X���þ��þ�:È�\~ö���O�Ñ
£�¤Úî��Hk∇fk"ã5�Ñ
L-BFGS3z�Ì�¥I���3S�¥�êâ§�±wÑÙS��ÑǑΘ(mn)§;�
�;O(n2)�°ÜÝ
",	§
[�w�{1¬uyL-BFGSI��ö�=�u�þ�:È�\~ö�"Ø+´ÄuMPI�´MapReduce§�þ�:È�\~ö�Ñ�±éN´�¿1§¤±¢y�5��L-BFGSnØþvk?ÛJÝ"���5¿§duùpù�Ù¢´¿1z�L-BFGS§¤±y¢¥?Û�5������å`z¯KÑ�ÏLL-BFGS)û"¤±§|^L-BFGS�
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Figure 6: `z�{'�)L2-LR�I�òL2-LRéA�FÝw�L-BFGSÒ�±
"�´§duL1-
LR¿Ø��£∣x∣3x = 0?��©¿Ø�3¤§¤±L-BFGS¿ØU��^5)ûL1-LR"��§ã6�Ñ
Úî�{�DFP/BFGS/L-BFGSù�X�[Úî�{�'�"�Úî�{'§DFP�{òÚî�{¥zÌ�­#O�°ÜÝ
UǑ
zÌ�¥�OþO�"BFGSæB
DFP�g�§��OþO�°ÜÝ
�_§l
'DFP��
�_�$�"��§L-BFGSq��
�;°ÜÝ
½Ù_§���Ñ
Úî��"
5 OWL-QNµµµ ^̂̂L-BFGS���)))L1555KKKzzz���ÜÜÜ666£££8883ùÜ©·�X­ù)XÛ|^L-BFGS�µe5)ûL1-LR¯K§ù��{�Orthant-Wise Limited memory Quasi-Newtonmethod (OWL-QN)§dAndrew
GalenÚJianfeng Gaou2007
JÑ[1]"OWL-QN�Ì�g�´§�½�
:xk§�·�r|¢�½3xk¤3�,�A½����ÿ£5¿ùp`�´“,�”ÏǑ�xk�,A�´0��¹e§¬kõ����¹xk¤§xk���Ý��K®²(½§¤±L1�∣xk∣Ò��C¤
���5�"�­��´§duL1�C¤
�5�§§é���ê�O�vk?ÛKǑ§¤±£[¤Úî�{¥I��°ÜÝ
ÒÚL1�vk?Û'X
§l
^L-BFGSO�Hk∇fk��{Ò��·^"�Ó�ǑAT5¿�§du·�ØUo3����p¡|¢§¤±�xk(i) = 0��ÿ���Ä�.´ �u0�´�u0���|¢"Eâþù§ù�¯K´ÏL¤¢��FÝ(pseudo-gradient))û�"duØ©[1]3ù��¡Ǒvk�Ñ'��[Ú�*�Øã§·�Ò3ù�¡õs¤�
)$"éu8I¼ê

f(x) = l(x) + � ∥x∥1 , x ∈ ℝ
nǑ,§3?Ûx(i) = 0�/�ÑØ��§ù¿Ø�N·�½Âf(x)éx(i)��m�©"äN5ù§f(x)'ux(i)��m�©£©OPǑ∂−

i f(x), ∂+
i f(x)¤Xe

∂±

i f(x) =
∂

∂x(i)
l(x) +

{

��(x(i)) if x(i) ∕= 0

±� if x(i) = 0
,
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(c) 1n«�¹
Figure 7: OWL-QN¥��FÝ½ÂÙ¢Ò´r∣x∣��m�©��?�
®µØ�u0�Ò´ÎÒ¼ê§�u0���©Ǒ-1§m�©Ǒ+1"Ø©[1]¥���Ñ
Äu�m�©½Â��FÝ
⋄if(x) =

⎧



⎨



⎩

∂−

i f(x) if ∂−

i f(x) > 0

∂+
i f(x) if ∂+

i f(x) < 0

0 otℎerwisewå5k:Ø�Ù¤±,�aú§¿���
ü«�¹��¿Ø´��p½�"�o·�e¡©Û�eù��FÝ�.½Â
�oºÄk§·�5¿�∂−

i f(x) ≤ ∂+
i f(x)§�o�â�m�©Ú0�'X§·��±òÙy©Ǒ±en«�¹

1. 0 ≤ ∂−

i f(x) ≤ ∂+
i f(x): ù«�¹Xã7(a)¤«§du·����z8I¼ê§¤±·�AT x(i) < 0���|¢§¤±ÒATæ^d?���©"

2. ∂−

i f(x) ≤ 0 ≤ ∂+
i f(x): ù«�¹Xã7(b)¤«§éw,dux(i) = 0®²´ù��Ý���:
§�o·�Òvk7�N�
§¤±Ò½Â§��FÝǑ0"

3. ∂−

i f(x) ≤ ∂+
i f(x) ≤ 0: ù«�¹Xã7(c)¤«§Ó�du·�I���z§¤±AT x(i) > 0���|¢§ATæ^d?�m�©"o(ùþ¡n«�¹�´ªf 5�Ñ�½Â"k
�FÝ�Ǒ3z�:�|¢��§¿���3�½��S§���ê°ÜÝ
ÚL1��'§·�ØJ�ÑXÛ^L-BFGS5)ûL1-LR¯K§ùÒ´OWL-QN�{§äNX�{2¤«"'u�{2§kXeA�[!I�5¿�e

1. 141µdu�FÝÒ´3ò�|¢��S�Ü{FÝ§·�Ò��^⋄fk�OL-BFGS¥�∇fk"ù�KÒÒ´Ǒ
���Ñ5Úî��−Hk⋄
fk"L-BFGS¥�Ñ�Hk∇fk´Úî������"ùp�ù�KÒ���ª�|¢��U±ù�K�FÝ���ÝK"

2. 151µ��^L-BFGS5ÏéÚî��"
15



Algorithm 2 Orthant Wise Limited-memory Quasi-Newton (OWL-QN)

01: choose initial point x0

02: S ⇐ {}, Y ⇐ {}
03: for k = 0 to MaxIters do
04: Compute vk = − ⋄ f(xk)
05: Compute dk ⇐ Hkvk using S and Y

06: pk ⇐ �(dk; vk)
07: Find xk+1 with constrained line search
08: if termination condition satisfied then

09: Stop and return xk+1

10: end if

11: Update S with sk = xk+1 − xk

12: Update Y with yk = ∇l(xk+1)−∇l(xk)
13: end for

3. 161µdu|¢I���3ù�A½���S§¤±Úî��dk�ÝK3�(K¤FÝvk��l
�y|¢Ø¬��,��lKC�½��"
4. 171µ3�|¢��ÿ§z���|¢��:Ǒ�ÝK3xk¤3���"
5. 1121µÒ�
¡¤ù�§°ÜÝ
�CqÚL1��'§¤±§y�I�P¹l(x)FÝ�CzXJ·�
¡®²¢y
�5�¿1�L-BFGS§¢yOWL-QN�I��þ¡�Ñ�ù
N�"

6 ���'''óóó���3ù�Ü©§·�{�0��eÚ�)LR�'�ó��©z"'u�)L2-
LR§��í��ÖÔ´Tom Minka£u²Expectation Propagation�{�Ú<¤32003
����¿Ø�uL�©Ù[12]§Ù¥é'
��®k�7«�)L2-LR¯K��{§�)BFGS, FixedHessian, NewtonMethod, Conjugate-
Gradient, CoordinateDescent, ModifiedIterativeScalingÚDualMethod"3Tom¤¢��êâ8þ£Az��AÆ§AZ���¤§BFGS´Ly���"duù
êâ8é�§�;°ÜÝ
�_��ÒØ´�¯§¤±ǑÒØI�L-
BFGS
"�C§Chih-Jen LinïÄ|�Guo-Xun Yuan�<q�
����¡�'uL15�z��5©aì£�)LRÚSVM¤�'��w[18]§k,��ÓÆ�±ïÖ�e"�´§·�3²�ó�¥�^�L2-LRÏ~Ø´^BFGS½öL-BFGS�)�§Ǒ�oQºÏǑ� Chih-Jen Lin®²r§�3
�O�[Ñf`L½^L�LIBLINEAR¥p
"LIBLINEAR¥�LRæ^�´����Trusted
Region Newton (TRON)��{[8]2"TRON´Chih-Jen Linu1999
Ú,	ü

2e1/�µhttp://www.mcs.anl.gov/˜more/tron/
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 ïÄ<
u²��«Úî�{§
�[Úî{"Lin3[9]�«
TRONU3üÅ��¹e'L-BFGS�¯�)ûL2-LR¯K§
ù«\��±8(Ǒ§3z�Úæ^�Ñ´�ý¢�Úî��"§�":§Ǒ,�ö��vk²(`²§)öhe�Ǒ£1¤TRONk�õ�ëêI��½
L-BFGSvk?ÛëêI��½"£2¤�+TRONǑ�±¿1z£ÏǑÙ¥I���´Ý
Ú�þ��{Ú�þ�m�\{¤§Ù¢y�'L-BFGSE,¿�J�o"£3¤TRONéJÏL{ü*�5)ûL1-LR¯K"¯¢þ§[18]¥¢y
ÏLw = w+ − w−, w+ ≥ 0, w− ≥ 0��Cþ��ª5�^TRON)ûL1-LR§�Ù$1�Ç��$uOWL-QN"�Çü$��Ï3u§ò��å¯K=zǑ
�ü�u�5Cþê��å¯K"3�)L1-LR�¡§duL1��Ø��5§
ÏJÑ
éõAÏ��{^u?n3x = 0��¹§Ù¥�)Perkins�<32003
JÑ�grafting�{[14]§2004
GoodmanJÑ�Äugeneralized iterative scaling (GIS)��)�{[4]§Ú2006
Lee�<¤JÑ�òL1-LR=zǑ��re-weighted least square¯K��{[6]"�+ù
�{Ñ�±)û�½5��L1-LR¯K§�´duÙ�O�Û�5§�{A^��5��LR¯Kþ"2007
§d"4Stephen Boyd�Ç9Ùìèò·^u�5�`z¯K�S:{£interior point method¤A^uL1-LR§¿�^¢�(JL²Ù�Ý�Ñ
Ù�à`z¯K)û�{§~XMOSEK3"�´§Ù":3u¿1zØ´é�B§¤±2007
Andrew
GalenÚJianfeng GaoJÑ�OWL-QN�{[1]ÒC¤
Ï~æ^��{"OWL-
QN�`:3u£1¤§¿©�Ä
L1�AÏ5¿�£2¤/ÏL-BFGS��
ép�Ï^5�¿15"LIBLINEAR¥¥�L1-LR´�«ÄuGLMNET[3]�U?�{[19]§I��
Ï�£O�'�õ§ùpÒØ2�[0�
"éu3üÅþÁ^Ú�^Ü6£85`§LIBLINEAR¥´Ø��ÀJ"�é¢S�ó§A^§Ï~êâþ��ØU����Åìþ�§�Ä¿1z�{§ÒØ�¤å�No¿1zLIBLINEAR¥£Ǒ,Ǒ´�1�¤"��¢y��Ï^�¿1L-BFGS�{§,�rL2-LR�A�FÝ�?�§Ò´��¿1�L25Kz�Ü6£8"�ÏXJI��{§��±��N?U§òÙCǑ¿1�OWL-QN§l
^5)ûL15Kz�Ü6£8",	§�Ǒ��B�¬§d?¢y�¿1L-BFGS�{��±^5)ûÙ�?Û����å�`z¯K"
7 


÷÷÷ïïïÄÄÄ��,?Ø�ek'LR�*�SN§Ì�´�
du�Ì¯K�{�m?Ø§�Ó�q´¢S¥�~­��SN"1�´�þ�{(online algorithm)"�©�ǑLR�?��§§3�{þÌ�ù)
1?n�ª(batch mode)�ÆS�{§¿g´¤k�Ôö��3�©�Ò´�½�§
z�gS�Ñ´rù
�����1?n�
?1�ëê�#"�3y¢¥��5�LRA^§1?n�ªÏ~Ø´���ÀJ"<�~��2wÝ�XÚ5`§duzU�Ý�A�·�2w¿U��=
Ý�ý��^r:Â
§ù��uzU·�ÑUÂ8ê�·�Ôö��"Ǒ,·��±z���A½��m£~Xz�A±!AU½öA���a�¤ÒÏL1?n�ª�#�eëê§�k�/�ªÏ~´�þ�ª(online mode)µ=z���5��ÿ·

3http://www.mosek.com
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�Ñ�A��#ëê§¿�z����?n�g"3ù«�¹e§L2-LR�Ôö�ªÒI�l[Úî�{=CǑ�þFÝeü(Online Gradient Descent
(OGD))�{"ÙÄ��nX�©ªf10¤«§�ØLÙ¥�∇f(wk)Ø2´ÏL¤k���O�Ñ§
´ÏL��½õ��
¤����"�´§��A^OGDuL1-LR§=B\þ
'uL1��FÝ§ǑØU�)DÕ��.£ÏǑÚ��½��Ï¤§¤±�X��#�A^�þ�{�)DÕLR�.��{�J
Ñ5§�L�kFOBOS[2], Truncated Gradient[7], Regularized Dual
Averaging (RDA)[17] ÚFollow The (Proximally) Regularized Leader (FTRL-
Proximal)[10]§
RDAÚFTRL-Proximalwå5´y3���DÕ�.�þÔö�{"1�§éA�þ�{§���~­��trickÒ´XÛ��z�g�â�
w��Ôö����#�¤^�Ú�"Ï~·���ù�Ú�´úú~��§l
�±�y�.��ªÂñ5"�´§3�þ�{��µe§du2w�'�
9^r�1Ǒ´kÙ�k�ÅÄ5£~X��m�/:¤§·�¿Ø�½������Âñ�½��."ù�ÒǑXÛ��Ú�JÑ
#�℄Ô"3,��¡§du·�kþ�·�AÆ�Ý§ù
þ·��Ý´ÄATA^Ó��Ú�Ǒ´����û'�¯�"�úþ5`§duz�AÆ�0�VÇ�Ø�Ó§zgëê�#Ñ4~Ú�é�
~�0��AÆØú²§¤±Ò�)
ØÓAÆA^ØÓ4~Ú���{§¿���
�����J[16]"��§·�3¢SA^LR�XÚ¥����'5ýÿ�VÇ�¢SVÇ�ÎÜ§Ý§=Æâþù���£Calibration¤"��3k
�'5üS�©a�XÚ¥�:ÑØ­�§�3k
XÚ¥§~X2w¿dÝ�XÚ¥§§(´�~�­�µÏǑ·�I��âLRý�Ñ�CTR5O���2w�:Â�AT�2wÌÂõ�a"·�ýÿÑ�VÇ§~XLR¥ÏLÜ6¼ê�Ñ�0�1�m��§Ú¢S¥*ÿ��VÇ�m��O�U5
uéõ·��l�¡½�{�Ö�Ïf§~XØ
�¡�AÆÚ�¢SØÎ�êÆ�."¤±§��Ï~´ÏLÆS��#�£8¼êò·�ýÿ�£8�*ÿ���"Ù¢§¿Ø´�kLRI���§·�~^�|±�þÅ(SVM)Ù¢´�I����ÅìÆS�{"k,��ÓÆ�±lJohn Platt�'u���²;©Ù[15]Öåj"�Ǒ(�§)öí�Google38
ISº?êâ�÷¬ÆSIGKDD2013þuL���'u2w:ÂÇý�XÚ�©ÙµAd Click Prediction: a View from
the Trenches [11]"Ù¥éþ¡J��n:Ñk�'�ã§�±�Ǒ�'��\���Új"�´�5¿ù�©Ù¥§Ø�´k¿�´�¿§Ù¥�úªk��õ�)Ø"Ǒ,ù
)Ø�Ø�uKǑ�[
)ÙÌ�g�§��´��[�Ö�5¿"��§�� +�!�<!À31���ïÄ���¢��Ø�f�!��T�!�Ó?Ú"���
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